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Abstract
In the “ballistic” regime, the transport across a normal metal (N)/superconductor (S) point-
contact is dominated by a quantum process called Andreev reflection. Andreev reflection causes
an enhancement of the conductance below the superconducting energy gap, and the ratio of the
low-bias and the high-bias conductance cannot be greater than 2 when the superconductor is con-
ventional in nature. In this regime, the features associated with Andreev reflection also provide
energy and momentum-resolved spectroscopic information about the superconducting phase. Here
we theoretically consider various types of N/S point contacts, away from the ballistic regime, and
show that even when the superconductor under investigation is simple conventional in nature,
depending on the shape, size and anatomy of the point contacts, a wide variety of spectral fea-
tures may appear in the conductance spectra. Such features may misleadingly mimic theoretically
expected signatures of exotic physical phenomena like Klein tunneling in topological superconduc-
tors, Andreev bound states in unconventional superconductors, multiband superconductivity and
Majorana zero modes.
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Point contact spectroscopy[3] has been used by the low-temperature physics community
as a powerful probe for investigating Fermi surface properties of complex materials for more
than five decades[1–4]. One area of research where point contact spectroscopy has found
tremendous success is superconductivity[5, 6, 9–14]. When a sharp tip of a normal metal
is brought in physical contact with a superconductor to form a superconducting point con-
tact, upon the application of a voltage bias (V ), the normal current (due to electrons) in
the normal metal gets converted into a supercurrent (due to Cooper pairs) in the super-
conductor through a quantum process popularly known as Andreev reflection[15]. When V
across an N/S point contact is smaller than the energy scale of the superconducting energy
gap (∆/e, e being the charge of a single electron), the electrons in the metallic side, after
passing through the point contact interface, fail to find single particle states in the super-
conducting side. These electrons reflect back (Andreev reflection) as holes in the metallic
side leaving behind a Cooper pair to propagate inside the superconductor. Andreev re-
flection at superconducting point contacts have been used as a powerful spectroscopic tool
for extracting energy, momentum and spin resolved spectroscopic information about the
superconductors[3]. In such experiments, the current-voltage (I − V ) characteristics of the
point contacts are measured and the non-linearities in the characteristics, if any, are studied.
Andreev reflection causes such non-linearity because as soon as V = ∆/e, the conductance of
the point contact gets enhanced due to Andreev reflection. However, one important aspect
which is often ignored in such studies is that the intrinsic I − V characteristics of supercon-
ductors are also non-linear. The effect of this non-linearity in a point contact spectroscopy
experiment involving a superconducting point contact can be avoided only if the transport
is allowed to take place in a transport regime where the bulk resistivities of the materials
forming the point contact do not contribute to the overall point contact resistance. Fortu-
nately, nano-positioning technology has empowered experimentalists to tune the size of the
point contacts such that the effective contact diameter (a) can be made smaller than the
elastic mean free path of the materials forming the point contact and make transport hap-
pen in the so-called “ballistic regime” where the contact resistance is given by Sharvin’s[16]
formula RS =
2h
e2(akF )2
, where kf is the Fermi momentum and h is the Planck’s constant.
Clearly, in this regime, the bulk resistivity of the materials do not decide the point contact
resistance. However, if the point contact is away from the ballistic regime, the so-called
Maxwell’s resistance[17] (RM = ρ/2a) also contributes to the over-all resistance. Here, the
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bulk resistivity ρ cannot be ignored. In this paper we perform numerical simulations to show
that depending on the way RM mixes with RS in a superconducting point contact which is
away from the ballistic regime, one may obtain various types of spectra, some of which may
mimic features associated with exotic unconventional nature of superconductivity or other
relativistic effects.
The ballistic transport characteristics across a superconducting point contact are well
understood within the one-dimensional model developed by Blonder-Tinkham and Klapwijk
(BTK)[6]. In a conventional superconductor[7], the density of states (DOS) of the quasipar-
ticles (single particle states) diverges at E = eV = ±∆, when V is the bias voltage applied
across an N/S point contact, as DOS N(E) = Re( E√
E2−∆2 ). For the typical conventional
superconductors, ∆ is found to be ∼ meV. In this energy scale, the DOS in the metallic side
of an N/S point contact can be approximated to be constant with energy. BTK modelled
the interface potential barrier as a one-dimensional delta function V0δ(x). To characterize
the strength of the potential barrier at the interface between the metal and the supercon-
ductor, BTK defined a dimensionless parameter Z = V0~vF , where vF is the Fermi velocity.
Z = 0 means the barrier is transparent and in this extreme case, for eV < ∆, the elec-
trons undergo Andreev reflection with a probability = 1. However, when Z is non-zero,
in addition to Andreev reflection the electrons can also undergo normal electrons and con-
sequently, the Andreev reflection probability becomes less than 1. Assuming the electron
and hole wave functions to be plane waves and solving the Bogoliubov-DeGennes equa-
tions, the Andreev reflection (A(E)) and the normal reflection (B(E)) probabilities were
calculated by BTK. Then the current through the point contact could be calculated as
INS ∝ N(0).vF
∫ +∞
−∞ [f0(E − eV )− f0(E)][1 + A(E)−B(E)]dE
where, N(0) is the density of states at the Fermi level. This is then used to calculate the
dV/dI vs. V spectra. Such theoretically generated spectra are then used to fit the exper-
imental spectra to extract the value of the superconducting energy gap (∆). The Andreev
reflection spectra calculated using BTK theory for different values of Z are shown in the
supplemental materials. For Z = 0, at very low temperatures, it is found that the spectrum
is flat for V ≤ ∆/e. With increasing Z, two peaks at V = ±∆/e develop. This double peak
structure in superconducting point contacts is a hallmark signature of Andreev reflection.
When Z is large, the peaks become very sharp and mimic the coherence peaks of the super-
conducting tunnelling spectra. Thus, local tunnelling spectroscopy can be thought of as a
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FIG. 1: (a) Schematic of a point contact (PC). Inset : Model of micro-constrictions within
a contact. (b) RPC as a resistor for a single constriction. (c) Multiple constrictions under a
point contact modelled as a parallel resistor network. (d) dI/dV vs. V spectrum for a
single microconstriction as in (b). (e,f,g) dI/dV vs.V spectra assuming a multiple
microconstrictions in parallel. The blue curves show I − V characteristics corresponding to
the Sharvin’s resistance (RS) (from BTK theory with ∆ = 0.7meV, Z = 0.001, T = 10K).
The red curves show I − V charecteristics corresponding to the effective Maxwell’s
resistance (RM). The parameters used to generate the spectra can be found in
supplemental material (Table I).
special case of point contact Andreev reflection spectroscopy.
The discussion above is valid only when the point contacts are strictly in the ballistic
regime of transport and RM has no role to play[8]. In order to understand how the mixing
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FIG. 2: dI/dV vs. V spectra for the multi-constriction model shown in figure 1(c).
(a),(b),(c) and (d) show emergence of 2, 4, 8 and 16 conductance dips respectively. (e) and
(f) dI/dV vs. V spectra show emergence of conductance dips at low energy. I − V
corresponding to RS (blue) is obtained from the BTK model (with
∆ = 0.7meV, Z = 0.001, T = 15K). The red lines show the I − V characteristics for
effective RM . The parameters used to generate the spectra can be found in supplemental
material (Table II).
of RM will affect the shape of the point contact spectra for a superconducting point contact,
we have considered the point contacts in an intermediate regime of transport where the
total point contact resistance is given by Wexler’s formula[18]: RPC =
2h/e2
(akF )2
+ Γ(l/a)ρ(T )
2a
where, Γ(l/a) is a numerical factor close to unity, a is the contact diameter and 2h/e2 is
the fundamental quantum of resistance, ρ(T ) is the temperature dependent normal state
resistivity of the superconducting material. Since the first term (RS) is proportional to 1/a
2
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FIG. 3: dI/dV vs. V spectra showing both Andreev reflection features and the signatures
of critical current of micro-constrictions. The spectra (a) and (b) are obtained by
increasing RS components in the Figure 1(d,e). Spectra shown in (c),(d), (e), (f) are
obtained by increasing RS components in the Figure 2(a,b,c,d). The parameters used to
generate the spectra can be found in supplemental material (Table III).
and the second term (RM) goes as 1/a, for smaller a, the first term dominates over the second
term. This is when pure Andreev reflection is seen. When a is larger, the contribution of the
second term (RM) cannot be ignored. In order to investigate such non-ballistic transport
characteristics, we first need to look at the anatomy of a point contact. When a sharp
metallic tip approaches a superconducting sample, first it forms a tunneling barrier. On
further approaching, microscopic cracks (micro-constrictions) develop at the contact region
due to which the tunneling barrier develops “shorts” and electronic transport in the so-called
metallic regime can happen through these micro-constrictions (see Figure 1(a)). In an ideal
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FIG. 4: dI/dV vs. V spectra generated theoretically by adding RS and effective RM for a
multi-constriction point contact in intermediate regime. (a) A spectrum with high Z
showing strong Andreev reflection along with conductance dips, (b) Step-like feature seen
in a conductance spectrum along with conductance dips. The zero-bias conductance peak
(ZBCP) is due to low critical current of certain constrictions, (c) Spectrum showing low
critical current driven ZBCP but no conductance dips, (d) spectrum obtained with
increased contribution of RM in (c), (e) ZBCP appearing along with conductance dips due
to co-existence of constrictions with high and low values of critical current, (f) Sharp
ZBCP along with multiple conductance dips. The parameters used to generate the spectra
can be found in supplemental material (Table IV).
case scenario, a point contact may be thought of as a single micro-constriction (Figure
1(b)). When there are multiple micro-constrictions, each one of them can be of different
size and shape, and the total current injected through the point contact will be divided
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into them as if they are some resistors connected in a parallel configuration (inset of Figure
1(c)). In a real experiment, it may not be possible to precisely determine the shape and size
of such individual micro-constrictions. However, each micro-constriction can have distinct
I − V characteristics and depending on the way they mix with each other and contribute
to the total current, the shape of the resulting dI/dV vs. V spectrum can be dramatically
different. To investigate this effect numerically, we have generated the effective I − V
characteristics[32, 33] corresponding to RM using the formula for total current I =
∑
i Ii,
where Ii = Ici
√
(V 2/αi) + 1. The index i represents i-th micro-constriction under a point
contact and Ici is the critical current of the same micro-constriction, αi has the dimension
of [V ] and it depends on the geometry and nature of the i-th constriction. This formula is
used to calculate Ii vs. V for all values of Ii > Ici. The calculated total I −V thus obtained
has been folded in order to obtain the characteristics for the current flowing in the opposite
direction as well. After that, we have simply varied the total number of micro-constrictions
(N), Ici and αi to generate a series of spectra and found that for certain combination of
these parameters special spectral features may appear in conventional N/S point contacts
that may mimic some exotic effects. We discuss our findings below. The details of the
parameters used for generating the spectra that we will show below are provided in the
supplemental materials.
In Figure 1(d), we show a representative dI/dV vs. V spectrum corresponding to RM ,
where only one micro-constriction with a definite value of Ic has been assumed. Here, I−V
due to RM has been added to I − V corresponding to RS to account for the transport in
intermediate regime. The main characteristics of the dI/dV vs. V spectrum in Figure 1(d)
are the two sharp conductance dips. Clearly, these dips are due to the non-linearities origi-
nating from the critical current (see the red curve). In practice, multiple micro-constrictions
appear under a point contact[20]. In such cases, the contribution of RM from different con-
strictions can be added up in such a way that only one pair of conductance dips appear in
the spectrum, but the dips may get broadened (see Figure 1(e) where contribution of 10
constrictions have been added). In experiments, such broadened dip structures are often
observed. Since in this case the low-bias conductance enhancement is not due to Andreev
reflection, there is no upper limit of the ratio between the zero-bias conductance and the
high-bias conductance. Under certain circumstances, as shown in Figure 1(f), the zero-bias
conductance can even get exactly doubled thereby mimicking “perfect” Andreev reflection
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as is expected due to Klein tunneling in topological superconductors[19, 21, 31]. As shown
in Figure 1(g), the zero-bias conductance can even become far greater than 2 and may look
like a signature of robust zero-energy bound states[31].
All the spectra that we discussed above displayed only one pair of sharp conductance
dips. The sharpness of the conductance dips became smaller and shallower conductance
dips appeared when the contribution from multiple micro-constrictions were considered. By
changing the proportion in which the critical current driven I − V characteristics of dif-
ferent micro-constrictions mix with each other, we have found a number of spectra where
multiple conductance dips were also observed. In Figure 3(a,b,c,d), we show such repre-
sentative spectra with 2, 4, 8 and 16 conductance dips obtained only by assuming different
characteristics of the micro-constrictions all of which together define the anatomy of a given
point contact. Such multiple dips, when appear in experiments, are often related to mul-
tiple Andreev reflections[22], topological superconductivity[23], etc. The spectra in Figure
2(c) and Figure 2(d) can be erroneously taken as signature of quantum oscillations if the
role of RM is not considered. Furthermore, as shown in Figure 2(e) and Figure 2(f), the Ic
driven dips may also appear at very low energies as tiny downward kinks in the conductance
spectrum[24–26].
Now, let us consider the point contacts in a non-ballistic regime where the contribution of
RS is also prominent and RM and RS are comparable. This can happen in two ways. Either
all of the micro-constrictions under a point-contact reach a regime where RS and RM for
each is in the “intermediate” regime. Or, some of the micro-constrictions remain closer to
the thermal regime while others are in the ballistic regime of transport. In the most simple
model, the contribution of RS and RM can be simply added as is done in Wexler’s formula.
In this case, the I−V characteristics are expected to be non-linear due to critical current as
well as due to Andreev reflection. In Figure 3 (a,b,c,d) we show the appearance of the double-
peak feature associated with Andreev reflection, when the percentage of the RS component
to the respective total resistance as in Figure 3 has been increased. The conductance dips
due to the critical current dominated I − V characteristics corresponding to RM coexist
with the Andreev reflection features. In the literature, such spectra are ubiquitously seen
and are often attributed to more complex physical phenomena like Joesphson tunneling[27],
superconducting proximity effect[28, 29], spin-triplet superconductivity[14, 30] etc.
Finally, we also explored other possible ways in which the point contact Andreev reflec-
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tion spectra can deviate from a canonical shape and found a number of spectra with unique
features which might falsely indicate the emergence of novel fundamental excitations/modes
in a solid. A collection of such spectra along with the assumed I − V characteristics cor-
responding to RM and RS are shown in Figure 4. The spectrum shown in Figure 4(a) has
conductance dips and sharp Andreev reflection features. However, the large low-bias en-
hancement is due to RM and analysis of such a spectrum with BTK theory ignoring the role
of RM will give mis-leading information. The large zero-bias conductance enhancement, in
addition to the Andreev reflection features, is due to some of the non-ballistic constrictions
having low Ic. In a real experiment such a feature may appear in a robust way and mimicking
the Andreev bound states as expected in point contacts with certain special unconventional
superconductors. As shown in Figure 4(c,d,e,f), when for some of the micro-constrictions
exhibit extremely low Ic, depending on the distribution of Ic in different micro-constrictions,
the shape and size of the zero-bias conductance peak (ZBCP) can vary. In some extreme
cases, the ZBCP can be very sharp and erroneously hint to the possibility of exotic pairing
in the superconductor being investigated[31]. It is also understood that such features will
also evolve with changing temperatures and magnetic fields as the critical current for each
constriction also changes with temperature and magnetic fields.
In conclusion, in order to understand the origin of special spectral features that ubiqui-
tously appear in point contact Andreev reflection spectroscopy, we have theoretically mod-
elled a superconducting point-contact as an ensemble of a number of micro-constrictions
through which electronic transport takes place. We have considered the shape and size of
the micro-constrictions to be different and consequently giving rise to different shape of the
I−V characteristics. We have then mixed such I−V characteristics in different proportions
and found wide variety of spectra appear mimicking the features expected for certain com-
plex physical phenomena. We have also allowed some of the micro-constrictions to be in the
ballistic regime and found that depending on the way Maxwell’s (RM) and Sharvin’s (RS)
resistance mix with each other, spectral features mimicking even more complex processes
may appear. Our model calculations can be used to analyze such non-ballistic spectra and
such analysis can help extract spectroscopic information selectively from the ballistic micro-
constrictions in the “intermediate” regime point contacts. Therefore, the exotic features
appearing in Andreev reflection spectroscopy can be attributed to exotic physics only after
carefully ruling out the contribution of the non-ballistic characteristics discussed here.
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Supplemental materials
Point Contact Andreev Reflection Spectroscopy & BTK calculations:
In figure 1(a), we show a schematic of a typical point contact setup with electrical connec-
tions where a normal metal (N) tip gently touches a supreconducting sample (S). Figure 1(b)
depicts the Andreev reflection process at an N/S point contact interface. The right hand side
shows the density of state (DOS) profile of a conventional superconductor. This is directly
obtained from Bardeen-Cooper-Schriffer (BCS) formalism, where DOSN(E) = Re( E√
E2−∆2 ).
∆ is the superconducting energy gap (∼ meV for a conventional superconductor) – in this
scale, the DOS in the metal remian independent of energy. The flat density of states for
the metal is shown in the left hand side. A delta function potential barier at the interface
is assumed in the BTK theory. The calculated differential conductance spectra within the
BTK formulism for Low to high barriers at T = 1.6K are shown in figure (c,d,e,f).
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FIG. 5: (a) Schematic of point contact setup with elctrical connections. (b) Schematic
depicting the Andreev reflectio process. (c),(d),(e) and (f) Normalized differential
conductance spectra calculated within standard BTK model for different values of Z.
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